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Abstract
The M5–brane is investigated near critical field-strength. We show that this
limit on the M5–brane reduces to the noncommutative open string limit on
the D4–brane. The reduction on a two–torus leads to both the noncommu-
tative open string limit and the noncommutative Yang–Mills limit on the
D3–brane. The decoupled noncommutative five–brane is identified with the
strong coupling limit of the noncommutative open string theory on the D4–
brane and S–duality on the noncommutative D3–brane is identified with a
modular transformation on the five–brane. We argue that the open mem-
brane metric defines a finite length scale on the worldvolume of the M5–brane
in the decoupling limit. This length scale can be associated to the effective
length scale of an open membrane.
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I. INTRODUCTION
Noncommutative geometry has been shown to play a fascinating role in string theory. The
original interest was sparked by the appearance of noncommutativity on D-branes in the
presence of constant background Neveu–Schwarz two–form potentials BNS [1–3]. On the
D–brane itself these potentials appear as a two–form adapted field strength F = dA+BNS.
In the magnetic case (i.e. when F has only spatial parts) a spatially noncommutative Yang–
Mills theory (NCYM) on the D–brane can be decoupled from the bulk gravity [3]. The natu-
ral, though conceptually challenging generalisation, was to include field strengths with non-
zero electric components thus inducing spatio-temporal noncommutativity on the D-brane.
This was examined in [4–8]. The somewhat remarkable result was that by examining the
D-brane in a decoupling limit near critical electric field strength1 one naturally constructed
a unitary decoupled spatio-temporally noncommutative open string theory (NCOS). The
thermodynamics of such theories was examined from the dual supergravity point of view in
[9].
The crucial property of the NCOS limit described in [4,5] is to keep fixed both the open
string two–point function and the effective open string coupling constant
< XAXB >= 2πα′GAB +ΘAB = 2πα′
(
1
g + 2πα′F
)AB
, (1)
G0 = gs
det1/2(g + 2πα′F)
det1/2(g)
, (2)
where GAB is the symmetric part and ΘAB the antisymmetric part of the two–point function.
In this limit the leading divergent parts of F cancel the contribution from gµν/α′, leaving
the two–point function and coupling governed by the finite subleading terms2. As discussed
1The concept of a critical field only works for the electric case as it relies crucially on the Lorentz
signature.
2Here and in the rest of this paper we will ignore factors of 2π etc.
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in [4], this NCOS limit introduces a fixed metric GABOS and a new effective length scale α
′
eff
defined as follows:
α′GAB = α′effG
AB
OS . (3)
In this paper we will consider a decoupling limit in the M5–brane analogous to the noncom-
mutative open string limit and examine its properties through an open membrane probe.
Even though the analog of the string two–point function is not available for the open mem-
brane, it was conjectured in [10] that the decoupled five–brane theory should be formulated
in terms of a so called open membrane metric with properties analogous to those of the
open string metric. Thus we demand that the six–dimensional proper lengths measured
by the open membrane metric are fixed in units of the 11D Planck length ℓp. This defines
a finite effective length scale of the decoupled five–brane theory that we shall denote ℓg.
This is suggestive of an open membrane theory underlying the decoupled spatio-temporal
noncommutative M5–brane.
Evidence for the decoupled non–commutative five–brane theory can be obtained by compar-
ing various reductions of the five–brane limit to NCOS and NCYM limits in string theory.
Conversely, this provides a direct interpretation of the strong coupling behavior of the de-
coupled NCOS and NCYM theories.
The structure of the paper is as follows. We begin in Section II by describing the decoupling
limit on the M5–brane. In section III we show that this limit reduces to the NCOS limit on
the D4–brane. In Section IV we show that the single limit on the M5–brane reduces to both
the NCOS and NCYM limits on the D3–brane. These two limits are related by a modular
transformation on the two–torus. Here the role of the open membrane metric is shown to
play a crucial role. We end with some conclusions and discussion.
II. THE M5–BRANE AND THE DECOUPLING LIMIT
The five–brane may be effectively described by a six–dimensional self-dual two form field
theory (this is neglecting the superpartners in the (2,0) supermultiplet). The adapted field
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strength is
H = db+ C , (4)
where C is the pull–back to the five–brane of the three–form potential in eleven–dimensional
supergravity and b is the two form potential on the five–brane worldvolume. The self–duality
condition provides a nonlinear algebraic constraint involving the components of the field
strength and the induced metric gµν on the brane as follows [11]:
√− det g
6
ǫµνρσλτHσλτ = 1 +K
2
(G−1)µ
λHνρλ , (5)
where ǫ012345 = 1 and the scalar K and the tensor Gµν are given by
K =
√
1 +
ℓ6p
24
H2 , (6)
Gµν =
1 +K
2K
(
gµν +
ℓ6p
4
H2µν
)
, (7)
where ℓp is the 11D Planck scale.
The relation (5) involves the metric, the field strength components and the plank length ℓp.
As we want to carry out a scaling in these quanities we must make sure that any scaling
obeys the above relation (5). This is amply discussed in [3,10]. To facilitate this we introduce
a parametrisation of constant flux solutions to (5) as follows:
Hµνρ = h√
1 + ℓ6ph
2
ǫαβγv
α
µv
β
ν v
γ
ρ + h ǫabcu
a
µu
b
νu
c
ρ , (8)
Gµν =
(
1 +
√
1 + h2ℓ6p
)2
4
(
1
1 + h2ℓ6p
ηαβv
α
µv
β
ν + δabu
a
µu
b
ν
)
. (9)
Here h is a real field of dimension (mass)3 and (vαµ , u
a
µ), α = 0, 1, 2, a = 3, 4, 5, are sechsbein
fields in the nine–dimensional coset SO(5, 1)/SO(2, 1)× SO(3) satisfying
gµνvαµv
β
ν = η
αβ , gµνuaµv
β
ν = 0 , g
µνuaµu
b
ν = δ
ab , (10)
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gµν = ηαβv
α
µv
β
ν + δabu
a
µu
b
ν . (11)
A derivation of this parametrisation is given in [10].
The relation between the tensor Gµν and the open membrane metric for the five–brane in
analogy with the open string metric that occurs on D-branes was discussed in [10]. It should
be noted that the overall conformal scale of the open membrane metric was not determined.
In this paper such an overall scale will play a role. We therefore define the open membrane
metric as follows
Gˆµν ≡ φ(x)
(
gµν +
ℓ6p
4
H2µν
)
, (12)
where the function φ(x) 6= 0 and x is given by the dimensionless combination x = ℓ6pH2.
Using the parametrisation (8), this metric can be written as
Gˆµν = (1 +
1
2
h2ℓ6p)φ(h
2ℓ6p)
(
1
1 + h2ℓ6p
ηαβv
α
µv
β
ν + δabu
a
µu
b
ν
)
. (13)
Below we shall determine the asymptotic behavior of φ(x) for large x from the requirements
of the decoupling limit.
We now proceed with the definition of the decoupling limit. The properties that we demand
for the decoupling limit we wish to take are as follows:
i) The Planck length ℓp → 0, so that the gravitational interactions can be decoupled.
ii) The proper six–dimensional lengths ds2(Gˆ) of the open membrane metric are fixed in
eleven–dimensional Planck units in the limit, i.e. ℓ−2p ds
2(Gˆ) is fixed, so that the limit
describes a genuine six–dimensional theory with a finite length scale ℓg.
iii) The electric components contain a divergent piece and a constant piece, in analogy
with the limit discussed in [4] for open strings.
The first condition we satisfy by scaling ℓp ∼ ǫ 13 (ǫ→ 0). In order to satisfy the second and
third condition we impose that hℓ3p diverges
3.
3This is in contrast with the limit in [10] where hℓ3p does not diverge.
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We are therefore led to consider the following limit:
gαβ ∼ ǫ0 ⇒ v ∼ ǫ0 ; gab ∼ ǫ1 ⇒ u ∼ ǫ 12 ,
ℓp ∼ ǫ 13 , h ∼ ǫ− 32 , ǫ→ 0 . (14)
such that the components of H given by (8) behave as follows:
H012 ∼ ℓ−3p (1−
1
2
ℓ−6p h
−2) ∼ ǫ−1 + ǫ0 ,
H345 ∼ hu3 ∼ ǫ0 . (15)
The physics on the five–brane in the decoupling limit is uniquely defined by the two fixed
noncommutativity parameters of dimension [length]2 constructed from the the finite parts
of H012 and H345 as follows:
ΘT ≡ (h2 ℓ9p)2/3 , ΘS ≡ (h u3)−2/3 , (16)
where we have set v = 1. In order to satisfy requirement (ii) we demand in analogy with [3]
ℓ2p (Gˆ
−1)µν ≡ ℓ2gGµνOM is fixed . (17)
This allows us to fix the conformal factor as follows:
φ(x) ∼ x− 23 as x→∞ . (18)
With the conformal factor now fixed we find
ℓ2p (Gˆ
−1)µν = (ΘTη
αβ ⊕ΘSδab) ≡ ℓ2g GµνOM . (19)
This defines a noncommutative M5–brane length scale ℓg, a fixed metric G
µν
OM and a dimen-
sionless parameter λ as follows
ℓg ≡
√
ΘT , λ ≡ ΘS
ΘT
, GµνOM = (η
αβ ⊕ λδab) . (20)
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III. THE NCOS LIMIT ON THE D4–BRANE
In this section we show that the decoupling limit (14) on the M–theory five–brane reduces
to the NCOS limit on the D4–brane. This provides an interpretation of the spatio-temporal
noncommutative five–brane as the strong coupling dual of the NCOS on the D4–brane.
In order to show this we wrap the five–brane, for finite ǫ, on a circle of fixed radius R in the
direction x2 and identify
x2 = X11 ∼ X11 +R , FAB = RHAB2, A, B = 0, 1, 3, 4, 5 . (21)
Clearly this means that only F01 is nonzero on the D4–brane. We also use the following
standard relations between M–theory and IIA string theory parameters:
gs =
(
R
ℓp
) 3
2
, α′ =
ℓ3p
R
. (22)
The scaling of the metric components in D = 11 induces the same scaling for the ten–
dimensional metric components and together with the requirement of fixed radius R we find
the following limit on the D4–brane (we reset our conventions such that α, β = 0, 1)
gαβ ∼ ǫ0 , gab ∼ ǫ1 , F01 ∼ ǫ−1 + ǫ0 ,
α′ ∼ ǫ1 , gs ∼ ǫ− 12 , ǫ→ 0 . (23)
As a result we find that length scales on the D4–brane, as measured by the open string metric
GAB, are kept fixed in the limit. This also holds for the noncommutativity parameters ΘAB
appearing in the two–point function (1) and the open string coupling GO given by (2). We
identify the NCOS limit on the D4–brane with electric field strength F01 = Fc− 12θ−1, where
the diverging critical electric field Fc and the fixed noncommutativity parameter θ are given
by
Fc = Rℓ−3p , θ =
h2ℓ9p
R
. (24)
Hence, using (15) and (16), we can write fixed D4–brane quantities in terms of the fixed
five–brane data ΘT, ΘS and R, or equivalently ℓg, λ and R:
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α′GAB = (
Θ
3
2
T
R
ηαβ ⊕ Θ
1
2
TΘS
R
δab) =
ℓ3g
R
(ηαβ ⊕ λδab) = ℓ
3
g
R
GABOM , (25)
θAB = (
Θ
3
2
T
R
ǫαβ ⊕ 0) = ℓ
3
g
R
(ǫαβ ⊕ 0) , (26)
GO =
(
R
ℓg
) 3
2
. (27)
Therefore the NCOS limit on the D4–brane has an effective open string scale α′eff and
noncommutativity parameter θ given by
α′eff ≡ θ =
ℓ3g
R
, GABOM = G
AB
OS . (28)
Thus we find the following relations between open string moduli and M–theory open mem-
brane moduli:
R = GO
√
α′eff (29)
lg = G
1
3
O
√
α′eff . (30)
These are formally equivalent to the standard relations between the moduli of M-theory and
IIA superstring theory provided that we give ℓg a six–dimensional interpretation analogous to
that of the eleven–dimensional Planck scale ℓp in M–theory. This suggests that the NCOS
theory on the D4–brane generates an extra dimension when we increase the open string
coupling and in the limit R → ∞ we end up with a noncommutative (in all directions!)
six–dimensional theory governed by the scale ℓg, as displayed in Figure 1. Note that α
′
eff = θ
implies that a field theory limit taking α′eff → 0 will at the same time also result in vanishing
spatio-temporal noncommutativity.
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FIG. 1. The square on the left relates M-theory and IIA-superstring theory and their low
energy limits. Similarly, the square on the right displays the relations between the D4-brane
noncommutative open string theory (NCOS) and its M5-brane noncommutative open membrane
(NCOM) origin, and their low energy limits.
IV. THE NONCOMMUTATIVE LIMITS ON THE D3–BRANE
Next we carry out the double–dimensional reduction of the M–theory five–brane on a fixed
two–torus in order to compare with the limits given in [4] for the D3–brane directly reduced
on a circle. We drop all Kaluza–Klein modes and identify the wrapped five–brane with the
directly reduced D3–brane in nine dimensions. This gives the following relations between
M–theory five brane and IIB three brane quantities [13–15]
(x2, x5) = (X11, X9) ∼ (X11 +R2, X9 +R5) , (31)
FAB = R2HAB2 , g
(E)
AB
α′
=
√
R2R5u
ℓ3p
gAB , A, B = 0, 1, 3, 4 , (32)
gs =
R2
R5u
,
R
(S)
B√
α′
=
ℓ
3
2
p
R
1
2
2R5u
. (33)
where the two–torus coordinate periodicities R2 and R5 are fixed quantities (we set the
real part of the complex structure equal to zero) and where u is the scale of the induced
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dreibein on the five–brane in the 3, 4, 5 directions. The quantity R
(S)
B is the IIB radius in
string frame and g
(E)
MN is the IIB Einstein metric which is related to the IIB string metric by
g
(E)
MN = g
− 1
2
s g
(S)
MN .
The S-dual description of the D3–brane, giving a magnetic field strength, can be obtained by
performing a modular transformation on the two–torus, which gives the following relations
between the quantities in M–theory and the S-dual picture:
F˜AB = R5HAB5 , g˜s = R5u
R2
,
g˜
(E)
AB
α˜′
=
g
(E)
AB
α′
,
R˜
(S)
B√
α˜′
= g
− 1
2
s
R
(S)
B√
α′
, (34)
where the tilde denotes quantities in the the IIB S-dual picture.
Inserting the scaling limit for the M5–brane (14) in the first set of relations above we obtain
the following scaling limit for the D3–brane:
F01 ∼ ǫ−1 + ǫ0 , F34 = 0 ,
g
(S)
AB
α′
∼ diag(ǫ−1, ǫ−1, ǫ0, ǫ0) , gs ∼ ǫ− 12 . (35)
We identify (35) as the open string limit where the critical field strength and the noncom-
mutativity parameter θNCOS are given in terms of M–theory quantities by
Fc = R2ℓ−3p , θNCOS =
h2ℓ9p
R2
. (36)
Identifying the finite quantities on the D3–brane with the finite quantities on the wrapped
M five–brane we obtain the following relations (we reset our conventions such that α = 0, 1
and a = 3, 4):
α′GAB = (
Θ
3
2
T
R2
ηαβ ⊕ Θ
1
2
TΘS
R2
δab) =
ℓ3g
R2
(
ηαβ ⊕ λδab
)
, (37)
θAB = (
Θ
3
2
T
R2
ǫαβ ⊕ 0) = ℓ
3
g
R2
(ǫαβ ⊕ 0) , (38)
GO =
R2
R5
√
ΘS
ΘT
=
R2
R5
√
λ , (39)
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rB ≡ R
(S)
B√
α′
=
Θ
1
2
SΘ
1
4
T
R
1
2
2R5
. (40)
Hence the NCOS limit on the D3–brane has effective open string scale α′eff and noncommu-
tativity parameter θNCOS both given by
α′eff ≡ θNCOS =
Θ
3
2
T
R2
, (41)
Importantly, the worldsheet sigma model coupling constant rB given by (40) remains finite
in the limit.
In the S-dual/modular transformed description we find (inserting the five brane limit into
the second set of relations):
F˜01 = 0 , F˜34 = ǫ0 (42)
g˜AB
α˜′
∼ diag(ǫ− 12 , ǫ− 12 , ǫ 12 , ǫ 12 ) , g˜s ∼ ǫ 12 (43)
This we identify with the noncommutative field theory limit as described in [3]. In this case
the mass scales on the D3–brane are sent to zero, i.e. α˜′GAB → 0, decoupling the massive
string modes.
The relations between the fixed M–theory quantities and the fixed quantities on the D3–
brane are as follows:
g2YM =
R5
R2
√
λ
, θNCYM =
Θ
3
2
S
R5
, (44)
m =
Θ
1
4
S√
R5R2
, (45)
where m is the periodicity in mass units of the compact scalar in the four–dimensional
noncommutative action. Note that for the noncommutative field theory, instead of a fixed
worldsheet sigma model radius rB we now find a fixed kinetic term for the compact transverse
scalar Φ ≡ X9
R
(S)
B
in the limit when ǫ→ 0.
The natural fixed moduli for the noncommutative M-five brane are lg, the complex structure
of the torus, τOM and the area of the torus, AOM as measured by the open membrane metric:
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τOM =
R2
R5
√
λ , AOM = R2R5
1√
λ
(46)
We now recover the standard relations between M theory and the S-dual descriptions of
IIB for the noncommutative open string/membrane moduli. For the noncommutative open
string,
GO = τOM (47)
rB = A
− 3
4
OMτ
1
4
OM l
3
2
g .
For the S-dual, noncommutative field theory,
g2YM =
1
τOM
(48)
m = A
− 3
4
OMτ
− 1
4
OM l
1
2
g .
The duality transformation is now obtained by a modular transformation on the torus as
seen by the open membrane metric so that the two theories are related by:
τOM → 1
τOM
(49)
with the appropriate interpretation of duality related quantities. We remark that the cou-
plings are independent of our choice of conformal factor for the open membrane metric.
The duality between NCOS and NCYM is possible for the D3–brane because both open
string coupling and Yang-Mills coupling are independent of the closed string scale α′.
Finally, we consider the following limits of the NCOS on the D3–brane (we set λ = 1 below):
1) T : Taking rB → 0 while keeping GO,A ≡ r−1B GO fixed leads to the NCOS on the T-dual
D4–brane with open string coupling GO,A. This is analogous to how the usual closed
string coupling transforms under T-duality. It is interesting that this noncommutative
open string theory exhibits a sort of T-duality.
2) S: Taking GO →∞ while keeping θNCYM ≡ GO
√
α′eff fixed leads to the S-dual NCYM
on the D3–brane with gYM → 0, as expected.
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V. DISCUSSION
We have argued for the existence of a decoupled noncommutative theory on the five–brane
defined by the limit (14) by showing its relation to various well–defined limits of IIA and
IIB string theory. Ultimately we are of course interested in finding an intrinsically six–
dimensional definition of the decoupled theory. One may wonder to what extent the open
membrane action underlies such a formulation and in particular whether there is an analog
of the subtle cancellations between the diverging electric field and tension that occur in the
string case. In the critical limit we expect the finite parts of the Wess–Zumino term to
yield the non–commutative structure of the five–brane loop–space via the definition of the
functional Moyal product given in [10]. The role of the kinetic part of the action is more
unclear, however, due to the usual membrane instability. Interestingly one may construct a
stable, non–degenerate open membrane solution in the critical limit which is not a limit of
any solution for finite ǫ. This is the analogue of the the critical string solution discussed in
[5]. One would hope that the quantisation of the membrane in this near critical background
will provide the open membrane metric with the appropriate conformal factor given in this
paper. This is ongoing work. It is not yet clear whether the critical field will cure the usual
membrane sicknesses.
Finally we wish to make the following observation, given our choice of conformal factor for
the open membrane metric we see that the line element for the self–dual string solution [16]
is exactly AdS3 × S3 in the near horizon limit. Given that the proceedure in this paper
has been to reproduce the usual bulk relations for the decoupled theories on the brane one
wonders whether it might be possible to formulate an AdS/CFT corresspondence [17] for
the self–dual string in the five brane.
In summary, the NCOS on the D4–brane with noncommutativity parameter θ = α′eff has a
dual description in the limit of strong coupling GO >> 1 as a noncommutative five–brane
with fundamental length ℓg = G
1
3
O
√
α′eff reduced on a circle of radius R = GO
√
α′eff . The
S–duality of the NCOS and NCYM theories on a directly reduced D3–brane follows from the
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modular invariance of the noncommutative five–brane wrapped on a torus. The couplings on
the D3–brane are identified with the complex structure of the torus in the open membrane
metric.
Note Added
During the completion of this paper we received the preprint [12] that also discusses the
noncommutative open membrane limit and its relation to the noncommutative open string
limit on the D4–brane. The preprint [12] also contains an interesting discussion of NCOS
theories at strong coupling for the other D–branes. Our paper emphasizes the role played
by the open membrane metric and the relation between M/IIB moduli.
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